
ComputerPhysicsCommunications79 (1994)143—155 Computer Physics
North-Holland

Communications

CRCWFN:coupledrealCoulombwavefunctions
J.A. ChristleyandI.J. Thompson
Departmentof Physics, UniversityofSurrey, Guildford, GU2 5XH, UK

Received30 August 1993

A subroutineis given to solvea set of coupledradial Schrodingerequationsfor real multipole potentials.The
subroutineusesthepiecewiseanalyticmethodandis particularlyusefulfor long-rangeCoulombexcitationcalculations.
It is designedto beusedwithin a conventionalcoupledchannelscodeto providecoupledCoulombwavefunctionsto
matchto the solutionscalculatedfor short-rangenuclearcouplings.

PROGRAM SUMMARY

Title ofprogram:CRCWFN Natureofphysicalproblem
Solutionsto coupledSchrödingerradial equationsarecal-

Cataloguenumber:ACPT culatedfor real multipole potentials.The method is par-
ticularly suitedto Coulombexcitationof heavy ionswhere

Program obtainablefrom: CPC ProgramLibrary, Queen’s multiple couplingis significant to large radii. The subrou-
University of Belfast, N. Ireland (seeapplicationform in tine is designedto be usedwithin existing conventional
this issue) coupledchannelscodes.

Licensingprovisions:none Methodof solution
Thepiecewiseanalyticmethodof Gordon [1] is used.The

Computer:Sun Sparcstation2 integrationrangeis divided into segments.In eachsegmcnt
thepotentialis approximatedby astraightlineandanalytic

OperatingSystem:UNIX solutions for the straight line potentials (Airy functions)
are calculated.First andsecondordercorrectionsfor the

Programminglanguageused: Fortranl7 approximationof thepotentialareappliedby analytic in-
tegrals. Matrix methodsareusedto find solutionsthat are

Memoryrequiredto executewith typical data: 820 Kbytes continuousandsmoothat eachboundary.
for test case

Restrictionon thecomplexityof theproblem
No. ofbits in a word: 32 The potentialsmust be real and expressedas a inverse

power seriesof r. The methodis not stablein classically
Peripheralsused: terminal, printer forbiddenregions (E < V). Thesubroutinereturnstheso-

lution andderivativeat theendpoint with no information
No. oflines in distributedprogram, including testdata, etc.: on thebehaviourwithin theintegrationregion.
1612

Typical runningtime
CPCProgramLibrary subprogramsused: Cat. no.:ABNK; 1.4 CPU secondsexecutiontime for test case (with corn-
Title: COULFG;Ref in CPC: 27 (1982)147—166 piler optimisation).
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LONG WRITE-UP

1. Introduction

Coupledchannelcalculationsareperformedby solvingasetofcoupledradialSchrödingerequations.
The conventionalapproach[1] usesnumericalintegrationmethods(e.g.Numerov[2]), which we
shallreferto as step-by-stepmethods,to integratesolutionsoutwardsfrom the origin to a sufficiently
largeradiusthatthecouplingis negligible.Thesolutionsarethenmatchedtosolutionsoftheuncoupled
equations(Coulombwavefunctions)with thecorrectscatteringboundaryconditions.This matching
processproducesthe S-matrixvalues.

Thismethodis verysuccessfulwhenthecouplingis shortrangedbut in manyreactions(e.g.heavy-
ion scattering)long-rangedCoulombmultipolecouplingsaresignificant. In suchreactionstheradius
atwhich thecouplingis negligibleis very largeandthe step-by-stepintegrationmethodsbecomevery
inefficient [3]. Therehasthereforebeenalong terminterestin alternativemethodsto calculatethe
effect of coupling in the Coulombexcitation region [4]. In this paperwe describeamethodthat
includescouplingto all ordersandwhich canbeincludedwithin existingcoupledchannelscodes.

The objectiveis to produceacompletesetof solutionsataradiusR10which obeythe asymptotic
boundaryconditionsandwhichincludethe effectsofcouplingatradiigreaterthanR1~.TheradiusR~0
is chosento be sufficiently largethat the nuclearpotentialsarenegligible.We call the setofsolutions
coupledCoulombwavefunctions[5,6,3]. Thesecanbe matchedat R10 to solutionsintegratedout
from the origin by conventionalmethodsin orderto obtainthe S-matrix.

BurkeandSchey[41werethe first to addresstheproblemusingasymptoticexpansions.Alder and
Pauli [7], andNorcrossandSeaton[8,9] showedhow the solutionscanbe expressedasproductsof
uncoupledCoulombfunctionsandmodulatingamplitudes.Themodulatingamplitudesobeycoupled
second-orderdifferentialequations[5,10] which, as theamplitudesareslowly varyingfunctionsof r,
canbeapproximatedby coupledfirst-orderequations.Rösel [11] showedthemodulatingamplitudes
maybe expressedas an asymptoticseriesin inversepowersof r. If the statesare degenerate(or
theadiabaticapproximationis used)the amplitudescanbe calculatedaccuratelyusingathree-term
recursionrelation.However,for the non-degeneratecasetheresultingfour-termrecursionrelationis
numericallyill-conditioned [6]. Rhoades-Brownet al. [6] solve the approximatecoupledfirst-order
equationsforthemodulatingamplitudesusingfirst-orderBornapproximationto integratefromRoutto
~ Theintegralscanbeexpressedasan asymptoticseriesandcanbeevaluatedusingrapidrecursion
relations.This is equivalentto DWBA for Coulombexcitationin the asymptoticregion andassumes
multiple excitationandreorientationarenegligible in thisregion.

In thispaperthecoupledCoulombwavefunctionsarecalculatedusingthepiecewiseanalyticmethod
[121. The integrationrangeis divided into segmentsin which the potentialcanbe approximatedby
astraightline. Thesolutionin eachsegmentcanthenbe expressedasaproductof Airy functionsand
slowly varying coefficients.The coefficientscanbe calculatedfrom analyticintegralsso the solution
is only evaluatedat eachsegmentboundary.This methodwas first describedby Gordon [12] for
atomicscatteringandhasbeenusedfor heavy-ionCoulombexcitationby Tolsma [13,14].

In thepiecewisemethodthe segmentsizeis dependenton the smoothnessof the potentialandthe
oscillatorynatureof thesolutionsis providedby thebasisAiry functions.Thisallows formuchlarger
stepsizesthanconventionalmethodssuchas Numerov.Although the calculationper stepis more
complicated,time savingsof severalordersof magnitudearetypical.

The piecewisemethodis preferableto the Alder—Paulifactorisationmethodsbecauseit solvesthe
coupledequationsto all orders of coupling. Multi-stepcontributionsand reorientationeffects are
treatedfully. Howeverthepiecewisemethodis slowerthanthe Alder—Paulibasedmethods.

Forageneralderivationof the piecewisemethodandan analysisof the errorsseeGordon [12,15].
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Toisma [14] describesimprovementsto themethodincludingdiagonalisingthecoupledpotentialsin
eachstep,re-orthogonalisingthesolutions,andusingCoulombfunctionsinsteadof Airy functionsas
referencesolutions.Our comparativelysimple implementationachievesan acceptableperformance
withoutemployingthesefeatures.ThesubroutineCRCWFNcanbeincludedin existingcOupledchannels
codes.It hasbeenaddedas an optionin recentversionsof FRESCO [1].

2. Piecewiseanalyticmethod

In this sectionwebriefly describethe piecewisemethod.To illustratethe methodwe first describe
aonechannelapplicationbeforegeneralisingfor coupledchannels.

2.1. Onechannelproblem

We seekasolutionto the one-channelradial equation

+ [k2-U(r)]u(r) = 0 (1)

in the rangeR~
0<r < Rout wherek is the asymptoticwavenumberandU(r) is thepotential:

U(r) = ~V(r) + 1(1 + 1)~ (2)
r
2

The integrationrangeis divided into segments.We will discussthe methodof choosingthe segment
lengthlater.

Initially consideronesegmentfrom r
0 to r1. Weapproximatethe potentialU(r) in thesegmentby

astraightline U
0(r)

U°(r) = UBAJ~+(r—Y) dljr~:

whereUBAR is theaverageof thepotentialin the segmentanddU/dr is evaluatedatthe mid point1.
Thegeneralsolutionof theradial equationwith theapproximatepotential

2

-~-(r) + [k2 - U0(r)]w(r) = 0 (4)

canbe written as alinear combinationof Airy functions

w(r)=aA(r)+bB(r), (5)

where

A(r) = Ai(ct(fl + r)), B(r) = Bi(a(fl + r)) . (6)

TheAiry functionsobeythe equationd2Ai ( z) /dz2 = zAi ( z), sothe constantsaand/1 canbe shown
to be
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— FArT/A 11/3 ~ UB~—k —a — 1~1~rr=7J ‘ I’ — ArT/A - — r.
/ r=r

Thesolutionofthe original radial eq. (1) canbewritten asaproductoftheAiry functionsA(r), B (r)
andcoefficientsa(r), b(r) thatvary slowly with r:

u(r) = a(r)A(r) + b(r)B(r). (8)

Theradial dependenceof the coefficientscanbe shown [12] to be proportionalto the error in the

linear approximationfor the potential
a’(r) = —ivB(r)[U(r) — U°(r)]u(r), b’(r) = irA(r)[U(r) — U°(r)]u(r) . (9)

Assumingweknow the solutionandderivativeat r = r0 then the valuesof the coefficientsat r0 are
uniquelydetermined(asthe solution andderivativemustbe continuous)

u(ro) = a(ro) A(r0) + b(ro) B(ro), u’(ro) = a(ro) A’(ro) + b(r0) B’(ro). (10)

(Termsincludinga’(ro) andb’(r0) canbe shownto cancel [12]).

Integratingeqs. (9) from r0 to r1 we obtainan expressionfor the solutionatr = r1:
u(r1) = a(r1)A(r1) + b(r1)B(r1), (11)

with

a(ri)=a(ro)_~JdrB(r) [U(r)_U0(r)]u(r),

b(ri)=b(ro)+~fdrA(r)[U(r)_U0(r)]u(r). (12)

This expressionis exactbut requiresknowledgeof the solution u(r). We useit as the basis for
approximations:

(i) As the coefficientsare slow varying we can approximateu(r) on the right handside by the
approximatesolution

u°(r)= a(r0)A(r) +b(ro)B(r). (13)

(ii) U(r) — U°(r) is approximatedin the segmentby aquadraticLW(r) so that the integralsmay
be solveanalytically.

An approximateform of the solutionat r1 istherefore

~(r1) ~a~’~(r1)A(r1) + b~’~(r1)B(r1) (14)

a~~(r1)=a(ro)_~fdrB(r)LW(r)u0(r),
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bW(ri)=b(ro) +~JdrA(r)~U(r)u0(r).

It is easierto apply theboundaryconditionsif we reformulatethe problemsothecoefficientsremain
constantoverthe segmentbut correctionsaremadeto the functionsA (r1) andB (r1):

u(r1)~aU)(ri)A(ri) + b
0~(r

1)B(r1)

=a(r0)A’~(r1) +b(ro)Bc(ri), (15)

where

Ac(ri) = [(1 +D~)A(r1) +DBAB(ri)],

Bc(ri) = [(1 +DBB)B(ri) +D~A(ri)], (16)

D~=~JdrB(r)LW(r)A(r), D~=_~JdrA(r)LW(r)B(r),

= _~fdrB(r)~U(r)B(r)~ DBA = ~JdrA(r)LW(r)A(r)

Analytical expressionsexist for theseintegrals [12,141. (Precautionsmustbe takento avoid cancel-
lation errorswhenevaluatingtheanalyticexpressionson the computer.)

We now haveexpressionsfor the solutionsat r = r0 andr = r1,

u(r0) = a(r0)A(r0) + b(r0)B(ro) , u’(ro) = a(ro)A’(ro) + b(r0)B’(r0)

u(r1) = a(r0)A’~(r1) + b(ro)B’(r1), u’(ri) = a(r0)A’’(r1) + b(ro)Bc’(r1), (17)

wheretherearetwo unknowns(a (r0) andb (r0)), and all othertermsaredeterminedby the energy
andpotentialwithin the segment.

It is asimple problemin linear algebrato solve for the coefficientsa,b in eachsegmentto givea
smooth,continuoussolution acrossthe integrationregion R1~to ~ This canbesolvedefficiently
usingthe LU decompositionmethod[16]. This methodhasthe advantagethatoncethe matrix has
beendecomposed,the backsubstitutionstagecanbe repeatedeasilyfor arangeof differentsolutions.
Onedisadvantageof the methoddescribedis weonly obtainthe solutionat the endpointsandhave
no informationon thebehaviourof the solutionwithin theintegrationregion.

Thesegmentsizesmustbe chosentoallow theintegrationto proceedquickly within aknowndegree
of accuracy.This is doneby ensuringtheerrorin approximatingthepotentialU (r) — U°(r) is within
auserdeterminedtolerance.As weusealinearapproximation,the erroris proportionalto the second
derivativeof thepotential.In the subroutineCRCWFN the stepsize h is determinedfrom the userset
toleranceACC by

1/2
h = 4 [ACC/(d2U/dr2)Ir,,,ro] . (18)
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Forexample,if the potentialis U(r) = 1 00/randACC= 0.0001 thenthe stepsizeis h = 0.25 fm for
r0=2Ofm,andh=8fmforr0=200fm.

Forvery larger (morethan1000 fm) it is moreefficient to useconstantpotentialapproximations
insteadof linear approximations.The referencesolutionsaresinesandcosinesratherthanAiry func-
tions. ThesubroutineCRCWFN allowsthe userto specifya radiusRSWITCHat whichthis changefrom
linear to constantapproximationstakesplace.

2.2. Coupledchannelsproblem

The coupledchannelsform of the piecewisemethodusesgeneralisedformsof eqs. (1)—(18) with
the solutionsandpotentialsrepresentedby vectorsandmatrices.In the following descriptionbold
typeindicatesacolumn vectoror matrix.

In acoupledchannelscalculationwe mustsolve a setof N coupledradial Schrödingerequations
for eachtotal angularmomentumJ andparity:

(4+kU~m(r))u~m(r) = ~U~~(r)u~(r), (19)
dr

wherekm istheasymptoticwavenumberforchannelm,u~(r) isthemthelementoftheradialsolution
vectoru’~(r) andU,~is an elementofthe potentialmatrixu~(r) that coupleschannelsm andn,

[U(r)]mn = Umn(r) =

2!LmV() + ômnlml
2+ 1) (20)

(We will omit theJ superscriptsin the following discussion.)
The integrationrangeis divided into segmentsandin eachsegmentareferencepotentialmatrix U°
is constructedfrom linear approximationsto the diagonalelementsof U,

= ömn (TJmm+ (r—Y)dUmm/drlr~), (21)

whereUmmis the averageof (Jmm(r) over the segment.

The referencepotentialU°is diagonalsothereferencesolutionsof the approximateradialequation

(~+kU,~zm(r)km(1’) =0 (22)

\dr j

canbeexpressedas productsof diagonalmatricesof Airy functionsA andB andcoefficientvectorsa,b

w(r) = A(r) a + B(r) b, (23)

where

[A(r)]mn = &~,n’~t~5rn(Prn + r)), [B(r)lmn = ömnBi(am(Pm+ r)), (24)

fArT \1/3 yy
‘—‘mm ‘—‘ mm m —

am = I I Pm = ArT IA —r.
~ ur r=~/ u~immiur r=~
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Thesolutionvectorto thecoupledequations(19)canbewritten asa productof thereferencesolution
matricesandcoefficientsvectorsa(r),b(r) which vary slowly with r. The solutionat the beginning
of asegmentis

u(ro) = A(r0)a(ro) + B(ro)b(r0) - (25)

If the solutionatr0 is knownthena(r0) andb(r0) areuniquelydetermined.The solutionatr1 canbe
obtainedby the sameprocedureas for the onechannelcase

u(r1) ~Ac(ri)a(ro) + Bc(r1)b(ro) . (26)

ThematricesAc andBC areobtainedusingageneralisedform of eq. (16) involving matrix multipli-

cations.Forexample

D~= drB(r)~U(r)A(r), (27)

where~U (r) is amatrix of quadraticfits to U(r) — U°(r). As the referencepotentialU°is diagonal,
effectsof couplingappearonly in thesecorrectionintegrals.

Evaluationofthe off-diagonaltermsof theseintegralsis likely to besensitiveto cancellationerrors
if the solutionsin two channelsarevery similar. The subroutineCRCWFN checksfor loss of accuracy
andif morethansix digits arelost the subroutinerepeatsthe integral assumingthe basisfunctions
in the two channelsareidentical. This is importantfor nearlydegeneratestatesof the sameorbital
angularmomentum.

We usethe LU decompositiontechnique[16] to solve the boundaryconditionsandobtaina con-
tinuoussolutionacrossthe integrationrange.Foran N channelproblemthe matrix of solutionshas
a (2N x 2N) matrixon thediagonalcorrespondingto eachsegmentboundary.As theremaybetypi-
cally ahundredsegments,the resultingmatrix canbe very largebut sparse,with all the non-zeroele-
mentswithin abandextending2N eithersideof thediagonal.The subroutineCRCWFNusesasystem
of pointersto avoidstorageandmanipulationofzeroelements.Oncethe matrixofreferencesolutions
is decomposedinto lower anduppertriangularform wecanusebacksubstitution[161 repeatedlyto
propagatesolutionvectorsfrom R0~~to R10.

The piecewisemethodis applicableto anysmoothpotential.Our implementation(CRCWFN) has
beendesignedfor Coulombexcitation.The potentialsmustbe real andexpressedas an expansionin
inversepowersof r. Theseconstraintsincreasetheefficiencyof the subroutineas all the arithmeticis
real, andtheapproximationsto the potentialcanbe calculatedanalytically.

Caremustbe takenwhenintegratinginto classicallyforbiddenregions.If V > E then the Airy
functionsare exponentialin behaviour.If the integrationis continuedinto the classicallyforbidden
region, the mostrapidly increasingcomponentwill dominateand the linear independenceof the
solutionis lost. Thisproblemis commonin solving coupledequationsbut is particularlyseriousin
this caseas we specify the asymptoticboundaryconditionsand thereforedo not obtain a regular
solution.TheNumerovintegrationregion shouldthereforebe chosensuchthatR1~is afew fm inside
the classicalturningpoint of thelargestpartialwave.

For very high partial wavesthe classicalturningpoint is at a sufficiently large radiusthat only
Coulombforcesact.It hasprovedacceptablein thesecasesto omit theNumerovintegrationcompletely
andmatchthecoupledCoulombwavefunctionsto zeroafew fm insidetheclassicalturningpoint. This
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techniqueis includedasan option in FRESCO [1] and,althoughsimplified, canproduceacceptable

resultsfor high partialwavesvery quickly.

3. Coupled Coulomb wavefunctions

In thissectionwedefinecoupledCoulombwavefunctions,describehowtheycanbecalculatedusing
the piecewiseintegrationmethod,andshowhow theycanbeusedto obtainthe S-matrix.

We usethe overline notation to indicate a coupledCoulombwavefunction (e.g. ~i(n) (r)). The

coupledCoulombwavefunction~ (Rm) is thesolutionvector atR~0that,whenintegratedout to
~ hasthe form of a CoulombfunctionF1~(R0~~)in channeln andzeroin all otherchannels.

CoupledCoulombfunctionsareobtainedby integratinguncoupledCoulombfunctionsevaluatedat
R0~~inwardsto ~ We constructsolutionvectorsatr = R0~~with anuncoupledCoulombfunctionF1
or G, in onechannelandzeroin all otherchannels.Forexamplethe mthelementofvector~ (R~)

is

F~~(R0~~)= ömnFi,.(Rout) . (28)

Thebracketedsuperscriptrefersto the non-zeroelementatR0~1.With thecorresponding~ vectors
thisgives2N linearly independentvectors.Thesesolutionsareintegratedusingthe piecewisemethod
to givethecorrespondingcoupledCoulombwavefunctionsatR1~, (R~~)and (R~0).

Themthchannelcomponentofthesolutionofthecoupledradial Schrödingerequation(19) satisfies
the asymptoticboundarycondition

Um(Rout) = ~i [ômaHj (R0~~)— SmaHj~(Rout)] , (29)

wherea is the incidentchannelandRout is a radiusbeyondwhich all couplingis assumednegligible.
The outgoingandingoingCoulombfunctionsaredefinedH1~= Girn + iF1,,, andH[ = Gla — ~Fla•

As the coupledCoulombwavefunctionsincludetheeffectsof couplingin theregion~ < r < Rout,
an equivalentexpressionfor the boundarycondition (29) is

Um(Rjn) = ~i (H~~(Rin) ~Sna~~’~(Rin)) , (30)

where

= ~~~Rt0) —i~~(R~~),~ = ~ + iF~(R~~). (31)

In this equationB’~~ (R10) is the mthchannelcontributionof an incomingwave in channela and

(n) (Rin) is the mth channelcontributionto an outgoingwave in channeln. The S-matrix can
thereforebe obtainedby matching,atR10, thecoupledCoulombwavefunctionsto solutionsintegrated
out from the origin.
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4. Descriptionof input

Thecalling sequenceis:

CALL CRCWFN (NCH, AK2, KMAX, COUPL, RIN, ROUT, ACCRCY,
V, FCC, GCC,MCH, MAXY, CORREC,DERIV, CFG, SWITCH)

The variableshave the following type and meaning(all real variablesare declaredto be double
precision):

NCH (integer) Numberofchannelsused.

t.x~(MCH) (realarray) Asymptoticwavenumbersquaredk~for eachchannel.

KMAX (integer) Maximuminversepowerof r in expansionof potential.

COUPL(MCH,MCH,KMAX) (realarray) Magnitudeof couplingpotentialfor eachmultipolarity (see
below).
RIN (2) (real) RIN( 1) Rm is the inner radiusat which the solutionsarecalculated.If DERIV is
FALSE the solutionsarealso calculatedatRIN(2).

ROUT (real) Outerradiusof the integration.

ACCRCY (real) Toleranceusedin choosingsegmentsize (typically 0.01).

V (MAXV) (real array) Largework array.

FCC(MCH,MCH,2) (realarray) This array,alongwith GCC, containsthe solutionvectors:
•On input FCC(m,n,1) is the mth elementof the nth solution vector at Rout. It is normally set

to: FCC(m,n,1)=~mn Fim (kmRout,~1m).FCC(m,n,2) is the derivativewith respectto r. Theseinitial
conditionsarecalculatedinternally if CFGis TRUE.

‘On output FCC(m,n,1) is the mthelementof the nth solutionvectoratRjn: If DERIV is TRUEthen
FCC(m,n,2)isthederivativewith respectto r. If DERIV isFALSE thenFCC(m,n,2)is thesolutionatRIN(2).
GCC(MCH,MCH,2) (real array) As for FCC for CoulombfunctionsG1.

MCH (integer) Maximumnumberof channels.

MAXV (integer) Sizeof work arrayV. This mustbe> 10*NCH*NCH*NSTEPS.UnfortunatelyNSTEPS
(the numberof segmentsrequired) is not knowninitially. NSTEPS= ROUT-RIN maybe acceptableas
a first estimate.The subroutinewill print anerror messageto stream6 if this parameteris too small.

CORREC (logical) If FALSE thecorrectioncalculationsareomittedandthe uncoupledbasisfunc-
tions areused.This shouldonly be usedfor a quick checkof arraysizesandwill not give accurate
valuesfor thesolutions.

DERIV (logical) If TRUEthesubroutinereturnsthecoupledCoulombwavefunctionsandderivatives
evaluatedat oneradius,RIN (1). If FALSE the subroutinereturnsthe valuesof the coupledCoulomb
wavefunctionsattwo radii, RIN (1) andRIN(2).

CFG (logical) If TRUE the subroutinecalls COULFG [17] to calculateuncoupledCoulombwave-
functionsat ROUT (seebelow) andconstructthe initial valuesfor FCC and0CC.

SWITCH (real) Radiusto changefrom linear approximationsto constantapproximations(with
sinesandcosinesas referencesolutions).Constantapproximationsaremore efficientfor largeradii
(typically morethan1000 fm).
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CRCWFNmustbe calledseparatelyfor eachtotal angularmomentumandparity. Thepotentialsmust
bereal andexpressedin inversepowersof r. Thearrayof coefficientsCOUPL mustbe assignedso the
potentialbetweenchannelsm andn is

KMAX

U — ~ COUPL(m,n,k) —
2eUmV 32mn r — r~’ — mn r

Forexamplethe Coulombmonopoleandcentrifugalbarriershouldbe enteredas

COUPL(m,n,l) _ömn2plmkm, COUPL(m,n,2) =ômnlm(lm+l), (33)

where ~m, km and 1m are the Sommerfeld parameter,asymptoticwavenumberandorbital angular
momentumfor channelm.

If theflag CFG = TRUE the subroutinewill calculatethe uncoupledCoulombwavefunctionsatRout
andconstructthearraysFCCand0CC.TheCoulombwavefunctionsareevaluatedusingCOULFG [17]
with thevaluesOf?lmand1m extractedfromthearrayelementsofCOUPL. Thisfacility isvery inefficient
in a full coupledchannelscalculationsinceCOULFG hasto be calledseparatelyfor eachtotal angular
momentum.It is far moreefficient to calculatethe Coulombfunctionsin the calling program,and
constructthe matricesFCC andGCC prior to callingCRCWFN with CFG = FALSE.

5. Testrun

The test run exampleis for 160+ 58Ni with incident energyE~ = 50 MeY with total angular
momentumJ = 20h andpositive parity. The 2 + stateof 58Ni at 2.15 MeV is includedwhich gives
four channelsfor eachparity.

The coupling matrix elementshavebeencalculatedusingthe rotationalmodel with quadrupole
deformationparameterP2 = 0.15 [1]. Thetestrunoutputisproducedusingthetestprogramsupplied
with thecode.

The output includesthe input informationandthreesetsof solutionsevaluatedatR
10 = 25 fm:

(1) The uncoupledCoulombfunctionsevaluatedat ~ usingCOULFG.
(2)The uncoupledCoulombfunctionsat Rmcalculatedby integratinguncoupledCoulombfunctions
inwardsfrom R0~~= 200 fm usingCRCWFNwith no coupling.
(3) The coupledCoulombwavefunctionsat Rm integratedin from R0~~= 200fm usingCRCWFN.

Comparing(1) and (2) indicatesthe accuracyof the methodin the uncoupledcase.Comparing(1)
and (3) showstheeffect of Coulombexcitationin the region R~0ç r ~ ~
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TESTRUN OUTPUT

TEST RUN OUTPUT: CRCWFN

rin(1) 25.00 fm rin(2)= 25.50 fm rout 200.00 fm

accrcy 0.001 switch 1000.0 fm maxv= 100000
nch 4 mch 4 kmax= 4
correc T deriv T cfg~ T

Channel L (hbar) Eta k**2

1 20 19.95000 23.50000
2 18 20.33000 22.64000
3 20 20.33000 22.64000
4 22 20.33000 22.64000

CDUPL ARRAY:

Multipolarity (k—i) 0 1 2 3

coupl(1,1,k) 193.422 420.000 0.000 0.000
coupl(2,2,k) 193.466 342.000 0.000 0.000

coupl(3,3,k) 193.466 420.000 0.000 0.000
coupl(4,4,k)~ 193.466 506.000 0.000 0.000

All off—diagonal elements zero

(1) standard Coulomb functions evaluated at Rin

F dF/dr G dG/dr
chi 0.4309886 -4.0062192 -1.0305832 -1.6681128
ch2 1.1037517 0.7277381 0.1938691 -4.1830650
ch3 0.2587391 4.1210217 1.0928862 -0.9830095
ch4 —0.9422517 2.3193083 0.6161566 3.5331259

(2) Coulomb wavefunctions integrated in from Rout with no coupling

chi 0.4309893 -4.0062213 -1.0305829 -1.6681079
ch2 1.1037543 0.7277394 0.1938684 -4.1830559
ch3 0.2587400 4.1210098 1.0928893 —0.9830087
ch4 —0.9422556 2.3193076 0.6161572 3.5331109

All off-diagonal elements zero

COUPLARRAY:

Multipolarity (k—i) 0 1 2 3

coupl(1,1,k) 193.422 420.000 0.000 0.000
coupl(1,2,k)~ 0.000 0.000 1755.000 0.000
coupl(1,3,k) 0.000 0.000 —1471.000 0.000

coupl(1,4,k) 0.000 0.000 1842.000 0.000
coupl(2,1,k) 0.000 0.000 1755.000 0.000
coupl(2,2.k) 193.466 342.000 —725.200 0.000
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coupl(2,3,k)= 0.000 0.000 1009.000 0.000
coupl(2,4,k) 0.000 0.000 0.000 0.000
coupl(3,1,k) 0.000 0.000 —147i.000 0.000
coupl(3,2,k). 0.000 0.000 1009.000 0.000
coupl(3,3,k) 193.466 420.000 780.000 0.000
coupl(3,4,k)~ 0.000 0.000 915.600 0.000
coupl(4,1,k) 0.000 0.000 1842.000 0.000
coupl(4,2,k)~ 0.000 0.000 0.000 0.000
coupl(4,3,k) 0.000 0.000 915.600 0.000
coupl(4,4,k) 193.466 506.000 -840.400 0.000

(3) coupledCoulombwavefunctionsintegratedin from Rout

channel 1
0.4400292 -3.9318441 -1.0102250 -1.7060747

—0.0995963 0.1510136 0.0355063 0.3851530
0.0780784 —0.1385298 -0.0328094 -0.3009696

-0.0899193 0.1874776 0.0453236 0.3456246
channel 2

0.0939876 -0.1985389 -0.0496467 -0.3490727
1.0791236 0.9847477 0.2608582 -4.0966443
0.0199875 -0.3387672 —0.0891717 -0.0654668

—0.0086101 —0.0282005 —0.0078945 0.0325675

channel 3
-0.0636895 -0.2058291 -0.0567675 0.2455941
0.0895621 -0.0694513 —0.0157061 -0.3372511
0.3421038 3.9882566 1.0595084 —1.2935918
0.0824131 —0.0464794 -0.0101457 —0.3082081

channel 4
—0.0457349 0.3498873 0.0919090 0.1612075
0.0098792 0.0071870 0.0021551 -0.0366804
0.0440502 0.2558744 0.0688819 -0.1736349

—0.9774891 2.0327657 0.5390461 3.6737999


