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COULN, A PROGRAM FOR EVALUATING NEGATIVE ENERGY COULOMB FUNCTIONS

C.J. NOBLE and I.J. THOMPSON

SERC, Daresbury Laboratory, Daresbury, Warrington, Cheshire WA4 44D, UK

PROGRAM SUMMARY

Title of program: COULN
Catalogue number: ACCU

Program obtainable from: CPC Program Library, Queen’s Uni-
versity of Belfast, N. Ireland (see application form in this issue)

Computer: NAS 7000; Installation: SERC Daresbury Labora-
tory

Other machines on which the program has been tested: CRAY-18,
IBM 3081

Operating system: MVT

Programming language used: FORTRAN 77 (FORTRAN 66
compatible)

High speed storage required: 650 K (94 K for run step)
No. of bits in a byte: 8

Peripherals used: card reader, line printer

No. of lines in combined program and test deck: 450

Keywords: Coulomb, Whittaker, continued fraction, Padé,
asymptotic, atomic, molecular, nuclear

Nature of the physical problem
Program COULN calculates exponentially decaying Whittaker

functions, W, ,(z) [1] corresponding to negative energy
Coulomb functions. The method employed is most appropriate
for parameter ranges which commonly occur in atomic and
molecular asymptotic scattering problems using a close-cou-
pling approximation in the presence of closed channels [2].

Method of solution

The asymptotic series for the Whittaker function is analytically
continued using a continued fraction representation devised by
Nesbet [3]. Functions corresponding to higher orbital angular
momenta are computed by recursion.

Restrictions on the complexity of the problem

Program COULN assumes real negative energies, E = — |k|2,
non-negative real values of orbital angular momenta, / (integer),
and separations, r. The charge product, Z, must be non-zero.
The method becomes less efficient for large values of | Z| and
small values of the product z = |k}r. It is suitable for z/Z
greater than 0.5 on IBM computers and greater than 0.1 on the
CRAY-1S in double precision.

Typical running time
The test run required 5.2 s on the NAS 7000.
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LONG WRITE-UP
1. Introduction

The exponentially decaying Whittaker function
1s a solution of the Coulomb differential equation
corresponding to negative energies, E = —k?, and
therefore arises in a variety of different contexts in
scattering problems involving charged particles.
One important application occurs in the solution
of the asymptotic problem which arises in atomic
and molecular physics when using a close-coupling
approximation in the presence of closed channels
(see Noble and Nesbet, accompanying article [1]).
Computer codes have therefore been written to
evaluate these functions for both positive values of
the charge product, Z [2] and also for negative
values [3]. As in the case of the positive energy
solutions [4] E=k?>0, a number of different
methods are necessary to cover the full parameter
ranges which may occur in problems of physical
interest. Thus, there are considerable difficulties in
guaranteeing the accuracy of the values computed
in all cases.

In the present work we describe a very simple
computer code for evaluating the negative energy
Coulomb functions and their first derivatives for
both positive and negative Z values. Even though
a single method is used, accurate results may be
obtained over a very wide region of the parameter
space including the region important in the solu-
tion of asymptotic scattering problems. In most
situations the functions may be obtained with an
accuracy within three or four digits of machine
accuracy and in all cases an estimate of the error
in the computed results is returned.

The Whittaker functions are calculated by ana-
lytically continuing their asymptotic expansion
using a continued fraction algorithm devised by
Nesbet [5]. Continued fractions are of course
closely related to Padé approximants [6] and have
been found to provide a useful and powerful tool
when dealing with series in many branches of
physics and mathematics. References to some of
this work may be found in the book by Baker and
Gammel [7]). The use of continued fraction expan-
sions to analytically continue series expansions has
also been emphasised by Hianggi et al. [8]. This

particular property has not so far been used, as far
as we are aware, in the calculation of Coulomb
functions, although continued fraction expansions
have been used to compute positive energy
Coulomb functions [9]. The present code therefore
provides a concrete example of these general meth-
ods for treating asymptotic series. A code capable
of treating the entire real parameter range of
physical interest could be constructed by adding a
power series expansion of the functions about the
origin incorporating, perhaps some of the sugges-
tions of Frost and Harper [10]. A comprehensive
code of this kind, allowing general complex
parameter values and including such continuation
techniques to provide both the irregular and regu-
lar solutions, has in fact been written [11] and will
be published shortly. However, we believe that the
simplicity of the present program will be valuable
in a number of applications.

2. Theory

The required exponentially decaying Whittaker
function is denoted by W, ,(z) with k=1/c=
Z/V—k*, p=I1+1/2 and z=V —k?r in the no-
tation of Abramowitz and Stegun [12]. It satisfies
the differential equation

d*w
dk?

2 U+

—ct+
X x2

+ w=0, (1)

where x = Zr. In these expressions r is the radial
distance between the two particles with charge
product Z, relative energy E = —k? <0, and rela-
tive orbital angular momentum /. In program
COULN the functions are evaluated by analyti-
cally continuing the asymptotic series (Abramo-
witz and Stegun [12], eq. 13.5.2)

Wl/(-,l+1/2(2cx)
=V(c,x)

nl

e T (I+1-1/¢),(—1-1/¢),
n=0

X(=2ex)™" (2)
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by means of a continued fraction representation
devised by Nesbet [5]. The Nth and (N — 1)th
convergents of the continued fraction are both
evaluated in the form of a rational fraction allow-
ing derivatives and error estimates to be calcu-
lated.

It should be noted that the asymptotic series (2)
may terminate if 1/c is an integer greater than
1 — L as a result of one of the numerator terms
becoming zero. In these cases we evaluate the
series (2) explicitly and bypass the analytical con-
tinuation.

Finally, as in the program of Bell and Scott [2],
we obtain Whittaker functions for higher / values
using the recursion relations

V,= [(1 - ’x—z)V +1V/_1]/(1 - ), (3)

vi=|(1- S p-a s @)

where the prime denotes differentiation with re-
spect to x. Upwards recursion on the parameter /
using the relations (3) and (4) is stable only as long
as x < [2, as this condition determines the sign of
the coefficient (1 —/?/x) multiplying the func-
tions. For x > 0 it is important, therefore, that the
recursion is started with function values computed
from the accelerated asymptotic series at a value /;
chosen so that /, > Vx.

3. Code description

The program for evaluating the negative energy
Whittaker functions and their derivatives consists
of a main subroutine COULN and two utility
routines, DFRACT and HSUM. Subroutine
DFRACT is called by COULN to compute the
coefficients of the continued fraction correspond-
ing to a given number of terms of the asymptotic
series (2). The algorithm used was devised by
Nesbet [5]. The subroutine HSUM is called by
COULN to evaluate the series (2) in the special
terminating cases and uses Horner’s algorithm.

The arguments of COULN are as follows:

L>0 the orbital angular momentum value
required, /;

Z real the charge product;

E<O0 the energy (rydbergs);

R>0 the radial separation (Bohr), r;

F exponentially decaying Whittaker
function value returned;

FP derivative of Whittaker functions with
respect to r;

ACC accuracy required in function value;

EFX estimated accuracy of value returned
based on difference between nth and
(n — 1)th convergents;

XG work arrays, these should be dimen-

XA sioned in the calling routine to

XC NTERM * KKKMAX + 1 according

XD to the values of these parameters set
by DATA statements in COULN;

IERR =0 on return if estimated accuracy is

better than required accuracy,

=1 if required accuracy not ob-
tained,

= 2 if input arguments are not within
the allowed ranges,

= 3 terminating series case;

NLAST the number of terms of the asymp-
totic series actually used. The terms
are calculated NTERM at a time and
the accuracy obtained is tested after
each group. Up to KKKMAX groups
may be tried so that NLAST <
NTERM * KKKMAX.

FNORM  scale factor by which results F, FP

should be multiplied.

The efficiency of the continuation method used
by routine COULN decreases for larger values of
the charge product, Z, and for smaller values of
z = |k|r. Ultimately the accuracy which can be
obtained in these cases is limited by round-off
errors or by the permissible exponent range as
increasingly large terms in the series (2) must be
considered. We have verified the accuracy estimate
EFX by comparison with the general program [11],
and find our method is useful for values of the
ratio z/Z greater than 0.5 on IBM computers, and
greater than 0.1 on the CRAY-1S in double preci-
sion. For values outside these ranges, alternative
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methods [2,11] must use series expansions about
the origin.

Finally, to improve efficiency, COULN should
be adapted to return arrays of functions and de-
rivatives if a range of /-values are required (keep-
ing all other parameters constant) by saving the
results of the recursion procedure.

4. Test deck

A small driver routine has been added to read
input data, call subroutines COULN, DFRACT
and HSUM and to print the results.
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TEST RUN OUTPUT

TEST KUN OUTPUT FOR EXPONENTIALLY DECAYING WHITTAKER FUNCTION ROUTINE COULN

ACC =

Sl el ol ol ol o S Sl Sl S Sl Sl ol ol Sl ol o o]
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= -0.10000000D+02 K

0.255306038902D-12
0.2634593415220-12
0.280546966837D-12
0.308255629157D~12
0.349454943811D~-12
0.408690885990D~12
0.493013896104D~12
0.613351110590D-12
0.786790932781D-12
0.104043232520D0~-11
0.141797024817D-11
0.199115374867D~11
0.288007860139D-11
0.428978832858D-11
0.657753077796D0-11
(.103787040000D-10
0.168472578629D-10
0.281235086913D~10
0.482623721724b~10
0.851115422921D-10
0.154187201307b-09

= -0.70100000D+01 K

0.6384985440810~10
0.662955206447D-10
0.714678134205D-10
0.799824350581D-10
0.929118028482D-10
0.112008994851D-09
0.140098835916D~09
0.181756957055D-09
0.244500888374D~09
0.34091401 5292009
0.492506620642D-09
0.736880545176D-09
0.114131018674D-08
0.182905185061p-08
0.303144764783D-08
0.5193441118990-08
0.9192116495230-08
0.167996838915D-07
0.3168686920650-07
0.616475560683D-07
0.1236447601420-06

FXp
FXP
FXp
FXP
FXp
FXP
FXp
FXp
FXP
FXp
FXP
FXpP
FXp
FXp
FXp
FXP
FXp
FXP
FXP
FXp
Fxp

0.31622777D401 Z = 2

-0.7912943809260-12
-0.817387912238D-12
-0.872153358108p-12
-0.961171653059D-12
-0.109397220990D-11
-0.128572462817D-11
-0.156009472630D-11
-0.1954010545940-11
-0.252565930554D~11
-0.336807572877v-11
~0.463259856249D~11
-0.6570069580190~11
-0.960452119693D-11
-0.144674546283D-10
-0.224472245375D-10
~0.3586121154200-10
-0.589673871485D-10
~0.997590542055D~10
-0.173568961672D-09
-0.310452091690D-09
-0.5706131655240-09

= 0.26476405D401 Z = 2

FXp
FXp
FXp
rxe
FXP
3.4

-0.1642503847940-09
-0.170789677422D-09
-0.184647972616D-09
-0.2075393904190-09
-0.242464768311D-09
-0.2943626689620-09
-0.371255567731D-09
-0.486258895840D-09
-0.6611418010670-09
~-0.9327479187620-09
-0.1364805839490-08
~0.207011743217D-08
-0.3253162028660-08
~-0.5293740022620-08
-0.891492756003D-08
-0.155280793240p-07
-0.2795791679830-07
-0.5200187422300-07
-0.9986175563920-07
-0.197872036947D-06
-0.4043103635190-06

ETA =

FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORel
FNORM
FNORM

ETa =

FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORNM
FNORM
FNORi{
FNORM
FNOR:L
FNORM
FNORM
FNORM
FNORM
FNORNM
FNORA
FNORM
FNORM
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-0.63245553D400 RHO = 0.20000000D+02 RATIO = 0.15811388D+02

0.100000000000D+01
G.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.1000000000000+01
0.100000000000D+01
0.100000000000D+01
0.1000000000000+01
0.100000000000D+01
0. 100000000000D+01
0.100000000000D+01
0.1000000000000+01
0.100000000000D+01
0.1000000000000+01
0.1000000000001401
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.100000000000p+01
0.1000000G0000L+01
0.100000000000D+01

~0.755389570+00 Ru0 =

0.100000000000D+01
0.1000000000000+01
0.100000000000D+01
0.100000600000D+01
0.100000000000D+01
0.100000000000D+01
0.1000000000000+01
0.100000000000D+01
0.100000000000D+01
(. 100000000000D+01
G.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.1000600000000D+01
0.100000000000D+01
0.100000060000D+01
0.100000000000L+01
0. 100000000V00D+01
0. 100000000000D+01
0.100000000000D+01
0.100000000000D+01

EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX

0.200000Q0D+02 RATIO

EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX

=.961D-16
=.112p-15
=.213D-14
=, 111D-15
=,9820-16
=.982D-16
=.982D-16
=.9821)-16
=.9820~16
=.9820)~16
=.9821)-16
=.9820)~16
=.9821-16
=.982D-16
=.9821-16
=.9820-16
=.982D-16
=.982D-16
=.9820-16
=.982D~16
=.9820~16

=.206D-15
=.7950-15
=.774D-14
=.1650-15
=, 0000400
=.0000+00
=.000D+00
=.00UD+00
=.000D+00
=, UUODH+00
=.000DH00
=.000D+00
=,000D+00
=.000D400
=. 000DH00
~. 000D#00
=. 000DHO0
=. 000D#00
=, 000DH00
=, 000DH+00
=.000D400

IERR
IERR
IERK
IERR
1ERR
IERR
IERR
IERR
IERK
IERR
IERR
IERK
IERK
IERR
IERR
IERK
IERK
1ERR
IERR
IERR
IERR

IERR
IEKR
IERR
IERR
IERR
IERR
IERR
LIERR
IERR
IERR
IERR
IERK
1EKR
IERR
LERK
IERR
LERR
IERR
IERR
IERR
IERR

1 CCCOOQCOCoOOO0COOO0COCOO0DO

COoOCCCCOOCCOOOCOOCOOO0CQ

NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST

10
10
10
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20

0.13238202D+02

NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST
NLAST

LI B N B R |

10
10
10
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
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CO@®NRLEWN—=C

E

= ~0.402000000401 K

0.7791117447880-07
0.818936819016D-07
0.9046904 57160D-07
0.1050137770260-06
0.128037833054D-06

G.163900235871D-06 F

0.2201565200120-06
0.310111576264D-06
0.457751184944D-06
0.707503105732b-06
0.114407216484D-05
0.193385868097D-05
0.341387841112D-05
0.6288093145360-05
0.120733195652L-04
0.2414111911300-04
0.5022235797180-04
0.108601088676D-03
0.243871736355D~03
0.568169584058D-03
0.137211426205D-02
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FXP

0.20049938b+01 z = 2

~0.148440189359D-06
~0.156435772444D-06
-0.1737147669820-06
=0.203197518206D-06
-0.250255073444D-06
-0.324320213839D-06
~0.441960768391b-06
~0.6327891088171b-06
-0.9510628228280-06
=0.149904064032D-05
~0.2475297669140-05
=0.427750455854D-05
-0.772735873716D-05
-0.1457713913750-04
=0.286837740280D-04
-0.588095691879D-04
~0.125498411213D-03
-0.278449279410D-03
~0.641683559205D-03
=0.153434690515D-02
~0.380301053013D~02

ETA =

FNORMN
FNOKM
FNORM
FNORM
FNORM
FHNORM
FNORM
FNOKM
FNORM
FNOR
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORil
FNORM
FNOKI1

~0.99750934D0+00 RO =

L AN O R N I B I R ]

-+ 100000000000D+)1
- 100000000000D+01
- 100000000000D+01
- 10U0V00000OLL+O1
» 100000000000D+01
+ 100000000000D+01
- 100000000000D401
- 1000000000000+01
- 10000000U000D+01
- 100000000000L+01
- 100000000000D+01
. 100000000000L+01
.100000000000D+01
-+ 100000000000D+01
+100600000000D+01
- 100000000000D+01
-100000000000D+01
.100000000000D+01
. 100000000000D+01
. 100000000000D+01
.1000000C0000D+01

COO0O0OOO0OO0O0CO0O00COOCOCCCCOO

TEST RUN OUTPUT FOK EXPONENTIALLY DECAYING WHITTaKEK FUNCTION KOUTINE COULN

ACC =

[l ol ol ol ol ol ol ol o

[l il ol ol il ol ol

—

—

CODNOUVEWN~C

CCeEXTNOVPEWN—~C

E = =0.21000000D+0C K =

0.10000000D-11

~0.670638380658D+01
-0.302387613094D+00
0.3043146970400+02
-0.484610675311D+403
0.669022496875D+05
0.929396549339D+07
0.764266351133D+09
0.548830968052D+11
0.381457148521D+13
0.267270397940D+15
0.1923616724200+17

= =0.11000000D+00 K

0.529022953090D+01
0.122494178304D+03
~0.1845635512360402
-0.303278947410D+03
0.1061886084710+05
-0.125495549048D+07
0.770650097811D+10
0.207653403098D+13
0.367859752593D+15
0.555655867708D+17
0.784193706949D+19

FXpP
FXp
FXp
FXp
FXp
FXP
FXp
FXP
FXP
FXp
FXp

0.458257570+00 2 = 2

0.624018029228D+01

0.161836307482D+02
~0.299905106783D402

0.1096525144580+04
~0.233693492058D+06
-0.428096606318D+08
=0.433820307496D+10
-0.369069385936D+12
-0.296018003791D+14
-0.234863589851D+16
-0.188690371734D+18

= 0.33166248D+00 2 = 2

FXp
FXP
FXP
FXp
FXP
FXp
FXp
FXP
FXp
FXP
FXp

0.199071397065D+03
0.110159103675D+403
~0.144664546024D+03
0.726076394533D+03
-0.369137872436D+05
0.5765025834160407
-0.436693376692D+11
-0.139472005941D+14
-0.285212092453D+16
-0.487946124655D+18
~-0.768805254186D+20

ETA =

FNORM
FNORM
FNORM
FNORM
FNORM
FNOKM
FNOKM
FNORM
FNOR#
FNORH
FNORM

ETA =

FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM
FNORM

-0.436435780+01 RHO =

0.100000000000D+01
0.1000000000000401
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.1000000000000+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01

-0.60302269D+01 RHO =

0.1000000000000+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D4+01
0.100000000000D+01
0.100000000000D+01
0.100000000000D+01

0.20000000D+02 RATIO =

EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX

0.200000000+01 RATIO

EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX

0.20000000D+01 RATIO

EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX
EFX

=.937D-16
=.000D+00
=.834D-15
=.282D-13
=.0000+00
=.000D+00
=.000D+00
=.000D+00
=.000D+00
=.000D+00
=.000D+00
=.000D+00
=, 0000+00
=.0000+00
=.0000+00
=.00004+00
=.000D+H0
=.000D+00
=.000D+00
=.000D+00
=, 000D+H00

=,921D-08
=.260D-05
=.260D-05
=.260D-05
=.260D0-05
=,260D-05
=.260D-05
=.260D-05
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